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Abstract. The integrable inhomogeneous extension of the Lakshmanan-Myrzakulov equation 

(— ^ , is constructed by using the prolongation structure theory. The corresponding L-equivalent counter- 



o 



part is also given, which is the (2-|-l)-dimensionaI generalized NLSE. 
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1 Introduction 

C , As an important subclass of integrable nonlinear differential equations, the Heisenberg ferromagnet equation 

(HFE), St = S X ^xx, and its (2+l)-dimcnsional integrable extensions have been paid more attention [1-10]. 
Recently, a new (2-|-l)-dimensional integrable extension was introduced by Lakshmanan and Myrzakulov 
■> ■ (see, e.g. Ref. [11]), 

§: St = {Sx(aS,+/3S^) + MS}„ 

O : "- = -P^ ■ (Sx X S^), (1) 

o 



where S = {Si, S2, S3) is the spin vector, eSf + eS*! + 5*1 = 1 (for compact case e = 1 and for noncompact 
case e = —1), u is the real scalar function, a, (3 are real constants. When a — 0,j3 ~ 1, Eq.(Q reduces to the 
Myrzakulov-I (M-I) equation (see, e.g. Refs. [5-10]), 



> 

>^ : St = {SxS^+uS},, 

. .C^ ; M^ = -S • (S, X S^,). (2) 

In Ref. [12], it was shown that Lakshmanan-Myrzakulov equation (LME) (1) is L-equivalent (about our con- 
ditional notations, see e.g. Refs. [9-10]) and gauge equivalent to the following integrable (2+l)-dimensional 
nonlinear Schrodinger equation (NLSE) 

iqt - aqxx - Pqxy - vq = 0, 
ipt + apxx + PPxy + up = 0, 

Vx = 2[a{pq)x + (3{pq)y], (3) 
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where p — eq. 

As known, some integrable systems admit integrable inhomogeneous extensions [13-14]. More recently, 
the integrable inhomogeneous Myrzakulov-I (M-I) equation has been constructed in Ref. [14]. Note that M-I 
equation is just a special case of |^. Thus an interesting question that naturally arises is whether there is 
more general integrable inhomogeneous extension of (^). The aim of this paper is to construct such integrable 
inhomogeneous extension of (1) and explore some of its properties. 

2 The integrable inhomogeneous LME 

Let us consider the following inhomogeneous LME, 

St = {Sx(/iS,+/?S,) + uS}, + /2S,, 

u, = -l3S-{S,xSy), (4) 

where /3 should be the constant as in Ref. [14], /i and /2 which are the functions of (x,t) need to be 
determined. In order to construct the integrable inhomogeneous LME, we shall analyze Eq.Q by using the 
prolongation structure theory as done in Ref. [15]. Let us first consider the prolongation structure of Q for 
the case of St ~ 0. Setting W = Sx, T = Sy and taking S,T,W, and u as the new independent variables, 
we can define the following set of two forms, 

Qfa = dSa A dx — Tady A dx, 

aa+3 = dSa Ady - Wadx A dy, 

Ua+e = /3(W X T)adx Ady + /3(S x dT)a Ady + Sadu A dy 

+ uWadx Ady + fi{Sx dW)a A dy + fi^{S x W)adx A dy + f2(W)adx A dy, 

aio = duAdy + pS-{Wx T)dx A dy, 

aa+io = dTa Ady + dWa A dx, 

an = SadWa Ady + WadSa A dy, 

ai5 = {T-W)dxAdy + Sa-dTaAdy, (5) 

where a = 1,2, 3, such that they constitute a closed ideal / = {a^, z = 1, 2, • • • , 15}. Then we extend the 
above ideal I by adding to it a set of one forms, 

n'' = dS,'' + F'^ix, y, S, T, W, u)(''dx + G''{x, y, S, T, W, u)^''dy, fc = 1, 2, • ■ • , n, (6) 



where ^'^ is prolongation variable. In terms of the prolongation condition, dfl'' C {I,il''}, we obtain the 
following set of partial differential equations for F'' and G'' , 

dF'' _ dF^ _ dG^ h dG^ 

- S,iT-W) + -{SxWU-l^iW-W)S,-l^W,}~[F,G]'^ + ^~^^0, (7) 

where [F, G]*^ = X^/Li ^''Wi — ^"=1 ^'^t- By solving iQ, we have the following solution, 

O n j» ij j> \J O 

F = A^5,X„ G=(-A^ + ^ + ^)^5,X, + ^^(SxWXX, + ^(SxT),X„ (8) 

where X^, i = 1,2,3, depend only on the prolongation variables ^^ and have the commutation relation of 
the su{2) Lie algebra. 

Now let us define a set of 3-form cJi as follows, 

IXa = dSa A dx A dt — Tady A dx A dt, 

aa+3 = dSa A dy A dt — Wadx Ady A dt, 

aa+6 = /3(W X T)adx Ady Adt + /3(S x dT)a A dy A dt + Sadu A dy A dt + uWadx Ady Adt 

+ /i(S X dMV)a Ady Adt + fi^{S x W)adx Ady Adt + f2{W)adx Ady Adt ~ dSa Adx A dy, 

aio = duAdy Adt + (3S- {W X T)dx A dy A dt, 

oia+iQ = dTa Ady Adt + dWa A dx A dt, 

ai4 = SadWa Ady Adt + WadSa A dy A dt, 

ai5 = (T • W)dx A dy A dt + Sa ■ dTa Ady A dt, (9) 

where a = 1,2,3, such that they constitute a closed ideal. When these two forms are null, we recover @. 
Then we introduce the following two forms, 

n'' ^n'' Adt + H^^^dxAdy + {A']dx + B^dy)Ad^^, k=l,2,---,n, (10) 

where the matrices of A and B depend on the variables (x, y, t) and the form of fl^ is given by ©, in which 
A depends on the variables (x, y, t). It is easily shown that 

15 n 

dU" = 5]g'='a. + 5]C'Al7^ (11) 

j=i j=i 

provided that the matrix H is given by 

H = GA-FB + Ay-B.^ + AfB - BtA (12) 



and 

1 dG 



dH Adx Ady ~ —-^?^{^ x dS)a A dx A dy - XySaXadx Ady Adt 



^_y^Jih _j_ J2x^g^Xadx Ady Adt- AtGdx Ady Adt + BtFdx Ady Adt ^0. (13) 

Substituting the expressions ((S|l of F and G into (|12|1 and l|13|) . we obtain 

^ = 0, B^l-^I, (14) 

and 

\t = -li\\y-\^h. + Xf2x, A, =0. (15) 

From Ea. (|15|l . we find that J^, i — 1,2, should take the foUowing expressions 

f^^H^{t)x + v^{t). (16) 

By restricting (|10|l on the solution manifold, we obtain the Lax representation of equation Q) 

., 3 
iX 



£.x = -P\x,=-ia,£.^^^S,a^^ 



1=1 



^« — ~~g^y ~ ~g'^\xi=~^aii 



iX 



= -/?Ae., + y^[(-A/i+/2 + u)5,(7, + /i(SxS,),a,+/3(SxS^),a,]e (17) 

i=l 

where Ui, i = 1, 2, 3, are Pauli matrices, /i and /2 are given by Hlfijl . and the spectral parameter satisfies the 
nonlinear equation (|15|l . 

It is interesting to note that the inhomogeneous LME Q admits the following integrable reductions: 

i) When /3 = 0, it reduces to the inhomogeneous HFE [13] 

St = Sx(/iS),, + /2S,. (18) 

It should be pointed out that we may also get this reduction by taking dx — dy and making some simple 
transformations in Q). 

ii) When /i = and /3 = 1, it reduces to the inhomogeneous M-I equation [14], 

St = {S X Sj, + uS}j, + /2S3;, 

Ux = -S • (S, X %). (19) 

3 L-equivalent and gauge equivalent counterpart 

In order to find the L-equivalent counterpart (about our conditional notations, see e.g. Refs. [9-10]) of the 
inhomogeneous LME Q, we now consider the space curve in 3-dimensional space E'^ with the arclength x, 



the curvature k and the torsion r. Let ei, 62 and 63 are the unit tangent, normal and binornial vectors of a 
curve, respectively. Then we have the following equations [6,8], 

^ JX — -^*- '^^71 7y — "^^ 7 7 ^ jt — ^^ 7 ) \ ^ / 

where 

A = rei + fce3 = (r, 0,A:),B = 7161 +7262 + 7363 = (71, 72, 73), C = ujiei +^^262 +^^363 = {uji,uj2,uj3), (21) 

and 

Af - C:r + A X C = 0, Aj, - B^ + A X B = 0, B* - C^, + B x C = 0. (22) 

By taking S = ei and using (21), we have 

11 T 

B = (71,72,73) = i-^u + d-'^Ty,—u^,d-^{Ky- 'K^''^^' 

f B 

C = (0)1,^^2,^3) = {'—Hxx + -Kxy - flT^ +/2T - (3Td^^Ty,-flKx - l3Ky,f2K- flKT ~ (ind^'^Ty). (23) 
K K 

Substituting (23) into (22), wc obtain the following equations for curvature and torsion 



n 



[—Kxx + -Kxy - flT^ + /2T - PtO^ ^Ty]^ - flKK^ ~ /SKKy. (24) 

Hi Hi 

In terms of the complex function 



1 - ^e-^'^^, (25) 



we may rewritten (24) as 



m - {hq)xx - Pqxy - i{hq)x -vq^o, 

■iPt + {.fiP)xx + PPxy - i{hp)x +vp = 0, 

v^^2[(hpq)^+(3{pq)y], (26) 

that is (2+l)-dimensional NLSE. Here p — eq and e — I (e = — 1) corresponds to the focusing (dcfocusing ) 
case. The Lax representation of (26) is given by 

$t = XP% + V^, (27) 

where 

U^'4 + G^ ^=1° M' ^= ^/I'^s + ^/2'T3 + AFi + Fo, (28) 

2 \ P ^ ^ 



in which 

\ /2P + i(3py + i{fip)x -[ifipq + ifid^ {pq)y\ 
and the spectral parameter X{y,t) satisfies the equation (15). Eq. (26) also admits two reductions: 
i) When /3 = 0, it reduces to the inhomogeneous (l+l)-dimensional NLSE 

m - {.fiq)xx ~ i{hq)x -vq = o, 

m + ifip)xx - i{hp)x +vp = Q, 

Vx = 2{hpq)x, (30) 

ii) When /i = and j3 — \,\t reduces to the inhomogeneous (2+l)-dimensional NLSE 

iqt - qxy - i{hq)x - wg = 0, 

ipt + Pxy - iif2p)x +vp^O, 

Vx = 2(pg)j,. (31) 

Note that the gauge equivalence between (4) and (26) can also be established by taking the following 
transformation between the solutions of systems (17) and (27) 

* = g-i$, (32) 

where g — $^=0- 

4 Conclusion and remarks 

In this paper, we have constructed an integrable inhomogeneous extension of (^ and given the corresponding 
L-equivalent counterpart which is the (2+l)-dimensional generalized NLSE. It should be noted that the 
homogeneous HFE admits several integrable extensions in 2+1 dimensions, such as 

1°. The Myrzakulov-VIII (M-VIII) equation [5] 

St = S X Sxx +uSx, 

Uy = S • (S;j X Sy), (33) 



2*^. The Ishimori equation [4] 



St = S X {Sxx + a^Syy) + UxSy + UySx, 

UxX - a^Uyy = -2Q;^S • (Sj; X Sy), (34) 
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3". The Myrzakulov-IX (M-IX) equation [5] 

St = S X MiS + AiSy + A2S00, 
M2U = 2a^S ■ (S^ X Sy). (35) 

Whether all of these equations admit inhomogeneous extensions is still a question for the future. 
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